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Abstract Let (H,α) be a monoidal Hom-Hopf algebra and (A, β) a right (H,α)-Hom-
comodule algebra. We first investigate the criterion for the existence of a total integral
of (A, β) in the setting of monoidal Hom-Hopf algebras. Also we prove that there exists
a total integral φ : (H,α) → (A, β) if and only if any representation of the pair (H,A)
is injective in a functorial way, as a corepresentation of (H,α), which generalizes Doi’s
result. Finally, we define a total quantum integral γ : H → Hom(H,A) and prove the
following affineness criterion: if there exists a total quantum integral γ and the canonical
map ψ : A⊗B A→ A⊗H, a⊗B b 7→ β
−1(a)b[0] ⊗α(b[1]) is surjective, then the induction
functor A⊗B − : H˜ (Mk)B → H˜ (Mk)
H
A is an equivalence of categories.
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1 Introduction
Hom-algebras and Hom-coalgebras were introduced by Makhlouf and Silvestrov in
[14] as generalizations of ordinary algebras and coalgebras in the following sense: the
associativity of the multiplication is replaced by the Hom-associativity and similar for
Hom-coassociativity. They also defined the structures of Hom-bialgebras and Hom-Hopf
algebras, and described some of their properties extending properties of ordinary bialgebras
and Hopf algebras in [15] and [16]. Recently, many more properties and structures of Hom-
Hopf algebras have been developed, see [3], [9], [12], [22] and references cited therein.
Caenepeel and Goyvaerts [1] studied Hom-bialgebras and Hom-Hopf algebras from a
categorical view point, and called them monoidal Hom-bialgebras and monoidal Hom-
Hopf algebras respectively, which are slightly different from the above Hom-bialgebras
and Hom-Hopf algebras. In [2], Chen, Wang and Zhang introduced integrals of monoidal
Hom-Hopf algebras and investigated the existence and uniqueness of integrals for finite-
dimensional monoidal Hom-Hopf algebras, they also applied the integrals to the Maschke
∗Correspondence: S X Wang: wangsx-math@163.com.
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type theorem for monoidal Hom-Hopf algebras controlling the semisimplicity and separa-
bility of monoidal Hom-Hopf algebras.
In [12], the first author and Chen introduced the notion of relative Hom-Hopf modules
and proved that the functor F from the category of relative Hom-Hopf modules to the
category of right (A, β)-Hom-modules has a right adjoint. We also introduced the notion of
total integrals for Hom-comodule algebras which has effective applications in investigating
properties of relative Hom-Hopf modules, and proved a Maschke type theorem for the
category of relative Hom-Hopf modules as an application our theory.
Total integral is a vital notion in representation theories. Doi [7] introduced the notion
of total integral for any H-comodule algebra A over a Hopf algebra H, which has strong
ties both to MH (i. e., the corepresentation of H) and to the representation of the pair
(H,A) (i. e., the category of relative Hopf modules MHA ), and presented the famous
necessary and sufficient criterion for the existence of a total integral. Later, Menini and
Militaru [17] interpreted the criterion for the existence of a total integral with the help
of forgetful functors F : MHA → MA and G : M
H
A → M
H . Furthermore, the affineness
criterion for affine algebraic group schemes was studied by Cline et al. [5] and Oberst [18].
Inspired by the ideas from Doi, Menini and Militaru, we want to investigate the criterion
for the existence of a total integral in the setting of monoidal Hom-Hopf algebras.
The paper is organized as follows. In Section 2, we recall some definitions and prop-
erties relative to separable functors and monodial Hom-Hopf algebras which are needed
later. In Section 3, we present two pairs of important adjoint functors (see Proposition
3.1). In Section 4, we show a necessary and sufficient criterion for the existence of an
integral on a monodial Hom-Hopf algebra (see Theorem 4.3). In Section 5, we give the
affineness criterion for relative Hom-Hopf modules (see Theorem 5.7).
2 Preliminaries
In this section we recall some basic definitions and results related to our paper.
Throughout the paper, all algebraic systems are supposed to be over a commutative ring
k. The reader is referred to [1] and [12] as general references about Hom-structures.
Let C be a category, there is a new category H˜ (C) as follows: objects are couples
(M,µ), with M ∈ C and µ ∈ AutC(M). A morphism f : (M,µ) → (N, ν) is a morphism
f :M → N in C such that ν ◦ f = f ◦ µ.
Let Mk denotes the category of k-modules. H (Mk) will be called the Hom-category
associated to Mk. If (M,µ) ∈ Mk, then µ :M →M is obviously a morphism in H (Mk).
It is easy to show that H˜ (Mk) = ( H (Mk), ⊗, (I, I), a˜, l˜, r˜)) is a monoidal category
by Proposition 1.1 in [1]: the tensor product of (M,µ) and (N, ν) in H˜ (Mk) is given by
the formula (M,µ)⊗ (N, ν) = (M ⊗N,µ⊗ ν).
Assume that (M,µ), (N, ν), (P, pi) ∈ H˜ (Mk). The associativity and unit constraints
are given by the formulas
a˜M,N,P ((m⊗ n)⊗ p) = µ(m)⊗ (n⊗ pi
−1(p)),
l˜M (x⊗m) = r˜M (m⊗ x) = xµ(m).
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An algebra in H˜ (Mk) will be called a monoidal Hom-algebra.
Definition 2.1. A monoidal Hom-algebra is an object (A,α) ∈ H˜ (Mk) together with
a k-linear map mA : A⊗A→ A and an element 1A ∈ A such that
α(ab) = α(a)α(b); α(1A) = 1A,
α(a)(bc) = (ab)α(c); a1A = 1Aa = α(a),
for all a, b, c ∈ A. Here we use the notation mA(a⊗ b) = ab.
Definition 2.2. A monoidal Hom-coalgebra is an object (C, γ) ∈ H˜ (Mk) together
with k-linear maps ∆ : C → C⊗C, ∆(c) = c(1)⊗c(2) (summation implicitly understood)
and γ : C → C such that
∆(γ(c)) = γ(c(1))⊗ γ(c(2)); ε(γ(c)) = ε(c),
and
γ−1(c(1))⊗ c(2)(1) ⊗ c(2)(2) = c(1)(1) ⊗ c(1)(2) ⊗ γ(c(2)),
ε(c(1))c(2) = ε(c(2))c(1) = γ
−1(c),
for all c ∈ C.
Definition 2.3. A monoidal Hom-bialgebra H = (H,α,m, η,∆, ε) is a bialgebra in
the category H˜ (Mk). This means that (H,α,m, η) is a monoidal Hom-algebra, (H,∆, α)
is a monoidal Hom-coalgebra and that ∆ and ε are morphisms of monoidal Hom-algebras,
that is,
∆(ab) = a(1)b(1) ⊗ a(2)b(2);∆(1H ) = 1H ⊗ 1H ,
ε(ab) = ε(a)ε(b), ε(1H) = 1H .
Definition 2.4. A monoidal Hom-Hopf algebra is a monoidal Hom-bialgebra (H,α)
together with a linear map S : H → H in H˜ (Mk) such that
S ∗ I = I ∗ S = ηε, Sα = αS.
Definition 2.5. Let (A,α) be a monoidal Hom-algebra. A right (A,α)-Hom-module
is an object (M,µ) ∈ H˜ (Mk) consists of a k-module and a linear map µ : M → M
together with a morphism ψ :M ⊗A→M,ψ(m · a) = m · a in H˜ (Mk) such that
(m · a) · α(b) = µ(m) · (ab); m · 1A = µ(m),
for all a ∈ A and m ∈M . The fact that ψ ∈ H˜ (Mk) means
µ(m · a) = µ(m) · α(a).
A morphism f : (M,µ) → (N, ν) in H˜ (Mk) is called right A-linear if it preserves the
A-action, that is, f(m · a) = f(m) · a. H˜ (Mk)A will denote the category of right (A,α)-
Hom-modules and A-linear morphisms.
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Definition 2.6. Let (C, γ) be a monoidal Hom-coalgebra. A right (C, γ)-Hom-
comodule is an object (M,µ) ∈ H˜ (Mk) together with a k-linear map ρM : M →M ⊗ C
(ρM (m) = m[0] ⊗m[1]) in H˜ (Mk) such that
m[0][0] ⊗ (m[0][1] ⊗ γ
−1(m[1])) = µ
−1(m[0])⊗∆C(m[1]); m[0]ε(m[1]) = µ
−1(m),
for all m ∈M . The fact that ρM ∈ H˜ (Mk) means
ρM (µ(m)) = µ(m[0])⊗ γ(m[1]).
Morphisms of right (C, γ)-Hom-comodule are defined in the obvious way. The category of
right (C, γ)-Hom-comodules will be denoted by H˜ (Mk)
C .
Definition 2.7. Let (H,α) be a monoidal Hom-Hopf algebra. A monoidal Hom-
algebra (A, β) is called a right (H,α)-Hom-comodule algebra if (A, β) is a right (H,α)
Hom-comodule with a coaction ρA : A→ A⊗H, ρA(a) = a[0]⊗a[1] such that the following
conditions hold:
ρA(ab) = a[0]b[0] ⊗ a[1]b[1], ρA(1A) = 1A ⊗ 1H ,
for all a, b ∈ A.
3 Relative Hom-Hopf Modules: functors and structures
Let (H,α) be a monoidal Hom-Hopf algebra and (A, β) a right (H,α)-Hom-comodule
algebra. Recall from [12], a relative Hom-Hopf module (M,µ) is a right (A, β)-Hom-module
which is also a right (H,α)-Hom-comodule with the coaction structure ρM :M →M ⊗H
defined by ρM (m) = m[0] ⊗m[1] such that the following compatible condition holds: for
all m ∈M and a ∈ A,
ρM (ma) = m[0] · a[0] ⊗m[1]a[1].
A morphism between two right relative Hom-Hopf modules is a k-linear map which is
a morphism in the categories H˜ (Mk)A and H˜ (Mk)
H at the same time. H˜ (Mk)
H
A will
denote the category of right relative Hom-Hopf modules and morphisms between them.
By [12], the forgetful functor F : H˜ (Mk)
H
A → H˜ (Mk)A has a right adjoint G :
H˜ (Mk)A → H˜ (Mk)
H
A . G defined by
G(M) =M ⊗H
with structure maps
(m⊗ h) · a = m · a[0] ⊗ ha[1],
ρG(M)(m⊗ h) = (µ
−1(m)⊗ h(1))⊗ α(h(2)),
for all a ∈ A,m ∈M and h ∈ H.
Let us describe the unit η and the counit δ of the adjunction. The unit is described
by the coaction: for M ∈ H˜ (Mk)
H
A , we define ηM :M →M ⊗H as follows:
ηM (m) = m[0] ⊗m[1], m ∈M.
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We can check that ηM ∈ H˜ (Mk)
H
A . For any N ∈ H˜ (Mk)A, define
δN : N ⊗H → N, δN (n⊗ h) = ε(h)n, n ∈ N,h ∈ H.
It is easy to check that ηM ∈ H˜ (Mk)
H
A . One may verify that η and δ defined above are
natural transformations and satisfy
G(δN ) ◦ ηG(N) = IG(N), δF (M) ◦ F (ηM ) = IF (M),
for all M ∈ H˜ (Mk)
H
A and N ∈ H˜ (Mk)A .
Since (A, β) is a right (A, β)-Hom-module, G(A) is a relative Hom-Hopf module via
(a⊗ h) · b = ab[0] ⊗ hb[1]; (3.1)
ρA⊗H(a⊗ h) = (β
−1(a)⊗ h(1))⊗ α(h(2)), (3.2)
for all a, b ∈ A and h ∈ H. Notice that GFG(A) = A⊗H ⊗H is an object in H˜ (Mk)
H ,
and we also have{
(a⊗ h⊗ g) · b = ab[0][0] ⊗ hb[0][1] ⊗ gb[1];
ρA⊗H⊗H(a⊗ h⊗ g) = (β
−1(a)⊗ α−1(h) ⊗ g(1))⊗ α(g(2)),
for any a, b ∈ A and h, g ∈ H.
Similar to [12], one can check that F˜ : H˜ (Mk)
H
A → H˜ (Mk)
H which forgets the
(A, β)-action has a left adjoint given by
G˜ : H˜ (Mk)
H → H˜ (Mk)
H
A , G˜(N) = A⊗N, N ∈ H˜ (Mk)
H .
The relative Hom-Hopf module structure on G˜(N) is given by{
(a⊗ n) · b = aβ(b)⊗ ν−1(n),
ρA⊗N (a⊗ n) = (a[0] ⊗ n[0]⊗)⊗ a[1]n[1],
for all a ∈ A and n ∈ N . Since (H,α) is a right (H,α)-Hom-comodule, then G˜(H) = A⊗H
can be viewed as a relative Hom-Hopf module via
(a⊗ h) · b = aβ(b)⊗ α−1(h), (3.3)
ρA⊗H(a⊗ h) = (a[0] ⊗ h(1)⊗)⊗ a[1]h(2), (3.4)
for all a ∈ A and h ∈ H.
From Eqs. (3.1) and (3.2) or Eqs. (3.3) and (3.4), we have two types of relative Hom-
Hopf modules structures on A⊗H. The following proposition reveals their relationship.
Proposition 3.1. With the two types of relative Hom-Hopf modules on A⊗H. Then
G(A) ∼= G˜(H)
in H˜ (Mk)
H
A .
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Proof. For any a ∈ A and h ∈ H, we construct two maps u and v as follows:
u : A⊗H → A⊗H,u(a⊗ h) = β(a[0])⊗ hα
−1(a[1]),
v : A⊗H → A⊗H,u(a⊗ h) = β(a[0])⊗ hα
−1(S(a[1])).
We claim that u ◦ v = idA⊗H . In fact,
u ◦ v(a⊗ h) = u(β(a[0])⊗ hα
−1(S(a[1])))
= β2(a[0][0])⊗ (hα
−1(S(a[1])))α
−1(a[0][1])
= β(a[0])⊗ (hS(a[1](2)))α
−1(a[1](1))
= β(a[0])⊗ α
−1(h)(S(a[1](2))a[1](1))
= β(a[0])⊗ α
−1(h)ε(a[1])
= a⊗ h.
Similarly, one may verify that v◦u = idA⊗H . The proof that u is a morphism in H˜ (Mk)
H
A
is straightforward. ✷
4 Natural transformations versus integrals
Definition 4.1.[12] Let (H,α) be a monoidal Hom Hopf algebra and (A, β) a right
(H,α)-Hom-comodule algebra. The map φ : (H,α) → (A, β) is called a total integral if
the following conditions are satisfied:
ρAφ = (φ⊗ idH)∆H , φα = βφ, φ(1H) = 1A.
Proposition 4.2. Let (A, β) be a right (H,α)-Hom-comodule algebra, (M,µ), (N, ν) ∈
H˜ (Mk)
H
A and u : (N, ν)→ (M,µ) a k-linear map. Suppose that there exists a total inte-
gral φ : (H,α)→ (A, β). Then
(1) The map
u˜ : (N, ν)→ (M,µ), u˜(n) = u(ν(n[0]))[0] · φ(S(u(n[0])[1])α
−1(n[1])), n ∈ N
is right (H,α)-colinear.
(2) If f : (M,µ) → (N, ν) is a morphism in H˜ (Mk)
H
A of which is a k-split injection
(respectively, a k-split surjection), then f has an (H,α)-colinear retraction (respectively,
a section).
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Proof. For any n ∈ N , we have
ρM ◦ u˜(n) = u(ν(n[0]))[0][0] · φ(S(u(n[0])[1])α
−1(n[1]))[0]
⊗u(ν(n[0]))[0][1]φ(S(u(n[0])[1])α
−1(n[1]))[1]
= u(n[0])[0] · φ(S(u(ν(n[0]))[1](2))α
−1(n[1]))[0]
⊗u(ν(n[0]))[1](1)φ(S(u(ν(n[0]))[1](2))α
−1(n[1]))[1]
= u(n[0])[0] · φ(S(u(ν(n[0]))[1](2)(2))α
−1(n[1](1)))
⊗u(ν(n[0]))[1](1)S(u(ν(n[0]))[1](2)(1))α
−1(n[1](2))
= u(n[0])[0] · φ(S(u(n[0])[1](2))α
−1(n[1](1)))
⊗u(ν2(n[0]))[1](1)(1)S(u(ν(n[0]))[1](1)(2))α
−1(n[1](2))
= u(n[0])[0] · φ(S(u(n[0])[1](2))α
−1(n[1](1)))
⊗[u(ν(n[0]))[1](1)(1)S(u(ν(n[0]))[1](1)(2))]n[1](2)
= u(n[0])[0] · φ(S(u(ν
−1(n[0]))[1])α
−1(n[1](1)))⊗ α(n[1](2))
= u(ν(n[0][0]))[0] · φ(S(u(n[0][0])[1])α
−1(n[1](1)))⊗ n[1](2)
= (u˜⊗ idH) ◦ ρN (n).
Hence u˜ is right (H,α)-colinear.
Let u : (N, ν) → (M,µ) be k-linear, then u˜ : (N, ν) → (M,µ) is right (H,α)-colinear.
Assume that u is a retraction of f , for any m ∈M , we have
(u˜ ◦ f)(m) = u(ν(f(m)[0]))[0] · φ(S(u(f(m)[0])[1])α
−1(f(m)[1]))
= u(ν(f(m[0])))[0] · φ(S(u(f(m[0]))[1])α
−1(m[1]))
= ν(m[0][0]) · φ(S(m[0][1])α
−1(m[1]))
= m[0] · φ(S(m[1](1))m[1](2))
= m[0]ε(m[1]) · 1A = m.
So u˜ : (N, ν) → (M,µ) is a right (H,α)-colinear retraction of f . On the other hand, if u
is a section of f , for any n ∈ N , we have
(f ◦ u˜)(n) = f(u(ν(n[0]))[0]) · φ(S(u(n[0])[1])α
−1(n[1]))
= f(u(ν(n[0]))[0]) · φ(S(u(n[0])[1])α
−1(n[1]))
= ν(n[0][0]) · φ(S(n[0][1])α
−1(n[1]))
= n[0] · φ(S(n[1](1))n[1](2))
= n[0]ε(n[1]) · 1A = n.
Thus u˜ : (N, ν)→ (M,µ) is a right H-colinear section of f . ✷
Theorem 4.3. Let (A, β) be a right (H,α)-Hom-comodule algebra. Then the following
statements are equivalent:
(1) There exists a total integral φ : (H,α)→ (A, β);
(2) There exists a natural transformation ρ : F˜ ◦ 1
H˜ (Mk)
H
A
→ F˜ ◦G ◦ F splits;
(3) ρA : A→ A⊗H splits in H˜ (Mk)
H .
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Consequently, if one of the equivalent conditions holds, then any relative Hopf module
is injective as a right (H,α)-comodule.
Proof. (1)⇒(2) Assume that φ : (H,α) → (A, β) is a total integral. We have to
construct a natural transformation λ that splits ρ. Let (M,µ) ∈ H˜ (Mk)
H
A and ϕ :
M ⊗H →M be the k-linear retraction of ρM :M →M ⊗H, ϕ(m⊗ h) = ε(h)m. Define
λM : F˜ ◦G ◦ F (M)→ F˜ (M),
λM (m⊗ h) = µ(m[0]) · φ(S(m[1])α
−1(h)).
It follows from Proposition 4.2 that the map λM is a right (H,α)-colinear retraction of
ρM .
It remains to prove that λM ∈ H˜ (Mk)
H
A is a natural transformation. Let f : (M,µ)→
(N, ν) be a morphism in H˜ (Mk)
H
A , we have to prove that
f ◦ λM = λN ◦ (f ⊗ idH).
Since f is right (H,α)-colinear, we have
λN ◦ (f ⊗ idH)(m⊗ h) = λN (f(m)⊗ h)
= ν(f(m)[0]) · φ(S(f(m)[1])α
−1(h))
= ν(f(m[0])) · φ(S(m[1])α
−1(h))
= f ◦ λM (m⊗ h).
So λM is a natural transformation that splits ρM .
(2)⇒(3) Assume that for any (M,µ) ∈ H˜ (Mk)
H
A , χM : F˜ (M) → F˜ ◦ G ◦ F (M)
splits in the category H˜ (Mk)
H of right H-comodules and the character of the splitting is
functorial. In particular, we consider the relative Hopf module (A, β), then we have
ρA : A→ A⊗H, ρA(a) = a[0] ⊗ a[1]
splits in H˜ (Mk)
H and let
λA : A⊗H → A
be a right (H,α)-colinear retraction of it.
(3)⇒(1) Assume that the map ρA : A→ A⊗H, ρA(a) = a[0]⊗ a[1] splits in H˜ (Mk)
H .
Let λA : A⊗H → A be the map which splits ρA. We define
φ : (H,α)→ (A, β), φ(h) = i−1A (λA(1A ⊗ h)),
where iA : A→ A is the natural isomorphism. Since λA is right (H,α)-colinear, we have
λA(1A ⊗ h(1))⊗ h(2) = λA(1A ⊗ h)[0] ⊗ λA(1A ⊗ h)[1].
Let λA(1A ⊗ h(1)) = b and λA(1A ⊗ h) = q, we get b ⊗ h(2) = q[0] ⊗ q[1]. Therefore, φ is
(H,α)-colinear. It is sufficient to check that ρAφ = (φ⊗ idH)∆H . For any h ∈ H, we have
ρA ◦ φ(h) = ρA(i
−1
A (λA(1A ⊗ h))) = q[0] ⊗ q[1].
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On the other hand,
(φ⊗ idH)∆H(h) = φ(h(1))⊗ h(2)
= i−1A (λA(1A ⊗ h(1)))⊗ h(2) = b⊗ h(2).
Notice that φ(1H ) = i
−1
A (λA(1A ⊗ 1H)) = i
−1
A (λA(ρA(1A))) = i
−1
A (1A) = 1A. It is easy to
check that φα = βφ. So φ is a total integral. And this completes the proof. ✷
From Theorem 4.3, we have the following corollary.
Corollary 4.4. Let F : H˜ (Mk)
H
A → H˜ (Mk)A and F˜ : H˜ (Mk)
H
A → H˜ (Mk)
H be
two forgetful functors. Then F is F˜ -separable if and only if there exists a total integral
φ : (H,α)→ (A, β).
Definition 4.5. Let (H,α) be a monoidal Hom-Hopf algebra with a bijective antipode
and (A, β) a right (H,α)-Hom-comodule algebra. A k-linear map γ : H → Hom(H,A)
satisfying γ(α(g))(α(h)) = β ◦ γ(g)(h) is called a quantum integral if
γ(α−1(g))(h(1))⊗ α(h(2)) = [γ(α(g(2)))(h)][0] ⊗ g(1)[γ(g(2)(α
−1(h))][1], (4. 1)
for all g, h ∈ H. A quantum integral γ : H → Hom(H,A) is called total if
γ(h(1))(h(2)) = ε(h)1A, (4. 2)
for all h ∈ H.
Remark 4.6. (1) Let γ : H → Hom(H,A) be a quantum integral, then
φ : (H,α)→ (A, β), φ(h) = γ(h)(1H )
satisfies the condition:
φ(h(1))⊗ h(2) = φ(h)[0] ⊗ φ(h)[1],
for all h ∈ H, that is, φ : (H,α)→ (A, β) is right (H,α)-colinear.
(2) As opposed to the case H˜ (Mk)
H
A , a right (H,α)-colinear map φ : (H,α)→ (A, β)
is not sufficient to construct a quantum integral. If φ : (H,α) → (A, β) is a k-linear map
satisfying a more powerful condition:
gφ(h)[1] ⊗ φ(h)[0] = φ(h)[1]g ⊗ φ(h)[0], h, g ∈ H.
Then γ : H → Hom(H,A), γ(g)(h) = φ(hS−1(g)) is a quantum integral.
Example 4.7. (1) Recall from that let H = Mn(k) be the n × n matrix monoidal
Hom-Hopf algebra with the structures given by
ciucuj = δijα(cij),
∑
cii = 1H ,
∆(cij) = α
−1(ciu)⊗ α
−1(cuj), ε(cij) = δij .
Let (Mn(k), A) be a relative Hom-Hopf datum and B = AcoH = {a ∈ A|ρ(a) = β−1(a) ⊗
1H} the subalgebra of coinvariants of A. Let µ = (µij) ∈ M
n(B) be an arbitrary n × n-
matrix over B. Then the map
γ : H → Hom(H,A), γ(cij)(crs) = δisβ(µrj)
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is an integral of (Mn(k), A). Indeed, for any h = cij and g = ckl, we have
γ(α−1(g))(h(1))⊗ α(h(2)) = γ(α
−1(ckl))(α
−1(ciu))⊗ cuj = δkuµil ⊗ cuj = µil ⊗ ckj
and
[γ(α(g(2)))(h)][0] ⊗ g(1)[γ(g(2)(α
−1(h))][1]
= [γ(cul)(cij)][0] ⊗ α
−1(cku)[γ(α
−1(cul))(α
−1(cij))][1]
= δujµil ⊗ cku = µil ⊗ ckj.
So γ is an integral. On the other hand, we have
γ(h(1))(h(2)) = γ(ciu)(cuj) = δijβ(µuu).
Hence γ is a total integral if and only β(µuu) = 1A.
(2) Another class of examples of total integrals arises from the graded case. Recall
from [2] that let G be a finite group and H = kG be the monoidal Hom-Hopf algebra with
structures:
xy = α(xy), 1x = α(x), ε(x) = 1
∆(x) = α−1(x)⊗ α−1(x), x, y ∈ G.
Let (kG,A) be a relative Hom-Hopf datum and µ = (µxy)x,y∈G a family of elements of
B = AcoH = {a ∈ A|ρ(a) = β−1(a)⊗ 1H}. Then the map
γ : H → Hom(H,A), γ(x)(y) = δxyβ(µxy)
is an integral of (kG,A). Indeed, for any h = x and g = y, we have
[γ(y)(x)][0] ⊗ α
−1(y)[γ(α−1(y)(α−1(x))][1]
= δxyµxy ⊗ y = δxyµxy)⊗ x = γ(α
−1(y))(α−1(x)) ⊗ x.
Furthermore, γ is a total integral iff µxx = 1A for all x ∈ G.
Next we will give some applications of the existence of total quantum integrals.
Theorem 4.8. Let (A, β) be a right (H,α)-Hom-comodule algebra and (M,µ) an ob-
ject in H˜ (Mk)
H
A . Assume that there exists a total quantum integral γ : H → Hom(H,A),
then the map
f : A⊗H ⊗M →M,
f(a⊗ h⊗m) = µ(m[0])γ(α
−1(m[1]))(α
−2(h)S−1(α−1(a[1])))β(a[0]),
for all h ∈ H, a ∈ A and m ∈ M , is a k-split epimorphism in H˜ (Mk)
H
A . In particular,
A⊗H is a generator in the category H˜ (Mk)
H
A .
Proof. We first show that A⊗H⊗M is an object in H˜ (Mk)
H
A with structures arising
from the ones of A⊗H, ie.,
(a⊗ h⊗m)b = aβ−1(b[0])⊗ hα
−1(b[1])⊗ µ(m),
ρA⊗H⊗M (a⊗ h⊗m) = β
−1(a)⊗ h(1) ⊗ µ
−1(m)⊗ α2(h(2)),
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for all h ∈ H, a, b ∈ A and m ∈M . It is routine to check that A⊗H⊗M is a right (H,α)-
Hom-comodule and a right (A, β)-Hom-module. Now we only check the compatibility
condition. Indeed, for any a, b ∈ A, we have
ρA⊗H⊗M ((a⊗ h⊗m)b)
= ρA⊗H⊗M (aβ
−1(b[0])⊗ hα
−1(b[1])⊗ µ(m))
= β−1(a)β−2(b[0])⊗ h(1)α
−1(b[1](1))⊗m⊗ α
2(h(2))α(b[1](2))
= β−1(a)β−1(b[0][0])⊗ h(1)α
−1(b[0][1])⊗m⊗ α
2(h(2))b[1]
= [β−1(a)⊗ h(1) ⊗ µ
−1(m)]b[0] ⊗ α
2(h(2))b[1]
= ρA⊗H⊗M (a⊗ h⊗m)b,
as desired. Next we will prove that f is a k-split surjection. Let g :M → A⊗H⊗M,g(m) =
1A⊗α
−1(m[1])⊗m[0], for all m ∈M . Then g is right (H,α)-colinear and for any m ∈M ,
we have
(f ◦ g)(m) = f(1A ⊗ α
−1(m[1])⊗m[0])
= µ(m[0][0])γ(m[0][1])(α
−1(m[1]))
= m[0]γ(m[1](1))(m[1](2))
= m.
For all a, b ∈ A and h ∈ H,m ∈M , we have
f((a⊗ h⊗m)b)
= f(aβ−1(b[0])⊗ hα
−1(b[1])⊗ µ(m))
= µ2(m[0])γ(m[1])(α
−2(hα−1(b[1]))S
−1(α−1(a[1]α
−1(b[0][1]))))β(a[0]β
−1(b[0][0]))
= µ2(m[0])γ(m[1])(α
−2(h)α−3(b[1])S
−1(α−2(b[0][1]))S
−1(α−1(a[1])))[β(a[0])b[0][0]]
= µ2(m[0])γ(m[1])(α
−1(h){[α−3(b[1](2))S
−1(α−3(b[1](1)))]S
−1(α−1(a[1]))})[β(a[0])β
−1(b[0])]
= µ2(m[0])γ(m[1])(α
−1(h)S−1(a[1]))[β(a[0])β
−2(b)]
= µ2(m[0]){[γ(α
−1(m[1]))(α
−2(h)S−1(α−1(a[1])))β(a[0])]β
−1(b)}
= {µ(m[0])[γ(α
−1(m[1]))(α
−2(h)S−1(α−1(a[1])))β(a[0])]}b
= f(a⊗ h⊗m)b.
Then f is a right (A, β)-linear. It remains to prove that f is also right (H,α)-colinear.
For this purpose, we do the following calculations:
(f ⊗ idH)ρA⊗H⊗M (a⊗ h⊗m)
= (f ⊗ idH)(β
−1(a)⊗ h(1) ⊗ µ
−1(m)⊗ α2(h(2)))
= f(β−1(a)⊗ h(1) ⊗ µ
−1(m))⊗ α2(h(2)))
= m[0]γ(α
−2(m[1]))(α
−2(h(1))S
−1(α−2(a[1])))a[0] ⊗ α
2(h(2))).
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On the other side,
ρA⊗H⊗M ◦ f(a⊗ h⊗m)
= ρA⊗H⊗M (µ(m[0])γ(α
−1(m[1]))(α
−2(h)S−1(α−1(a[1])))β(a[0]))
= µ(m[0][0])γ(α
−1(m[1]))(α
−2(h)S−1(α−1(a[1])))[0]β(a[0][0])
⊗µ(m[0][1])γ(α
−1(m[1]))(α
−2(h)S−1(α−1(a[1])))[1]β(a[0][1])
= m[0]γ(m[1](2))(α
−2(h)S−1(α−1(a[1])))[0]β(a[0][0])
⊗µ(m[1](1))γ(m[1](2))(α
−2(h)S−1(α−1(a[1])))[1]β(a[0][1])
= m[0]γ(m[1](2))(α
−2(h)S−1(α−1(a[1])))[0]β(a[0][0])
⊗[m[1](1)γ(m[1](2))(α
−2(h)S−1(α−1(a[1])))[1]]β
2(a[0][1])
(4.1)
= m[0]γ(α
−2(m[1]))(α
−2(h(1))S
−1(α−1(a[1](2))))β(a[0][0])
⊗α(α−1(h(2))S
−1(a[1](1)))α
2(a[0][1])
= m[0]γ(α
−2(m[1]))(α
−2(h(1))S
−1(a[1](2)(2)))a[0])
⊗(h(2)S
−1(α2(a[1](2)(1))))α
2(a[1](1))
= m[0]γ(α
−2(m[1]))(α
−2(h(1))S
−1(α−1(a[1](2))))a[0])
⊗α(h(2))(S
−1(α2(a[1](1)(2)))α
2(a[1](1)(1)))
= m[0]γ(α
−2(m[1]))(α
−2(h(1))S
−1(α−2(a[1])))a[0])⊗ α
2(h(2)).
Hence f is an epimorphism in H˜ (Mk)
H
A and has a (H,α)-colinear section. For any k-free
presentation of (M,µ) in the category of k-modules kI
pi
→M → 0, there is an epimorphism
in H˜ (Mk)
H
A :
(A|oH)I ∼= A⊗H ⊗ k
g
→M → 0,
where g = f ◦ (idA ⊗ idH ⊗ pi). Hence A ⊗H is a generator in H˜ (Mk)
H
A . The proof is
completed. ✷
5 The affineness criterion for relative Hom-Hopf modules
Proposition 5.1. Let (H,α) be a monoidal Hom-Hopf algebra with a bijective an-
tipode and (A, β) a right (H,α)-Hom-comodule algebra. Assume that there exists a total
quantum integral γ : H → Hom(H,A). Then ρ˜ : A → A ⊗H, ρ˜(a) = a[0] ⊗ a[1] splits in
H˜ (Mk)
H
A .
Proof. We consider the map
λ : A⊗H → A λ(a⊗ h) = a[0]γ(a[1])(h)
for all a ∈ A and h ∈ H is a right (H,α)-colinear retraction of ρ˜. In particular, by
Eqs.(5.1) and 5.2, we obtain λ(1A ⊗ 1H) = 1A, and
λ(β−1(a)⊗ h(1))⊗ h(2) = λ(a⊗ h)[0] ⊗ λ(a⊗ h)[1]. (5. 1)
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We define now
Λ : A⊗H → A Λ(a⊗ h) = λ(1A ⊗ α
−1(h)S−1(a[1]))β(a[0])
for all h ∈ H and a ∈ A. Then, for all a ∈ A we have
(Λ ◦ ρ˜)(a) = Λ(a[0] ⊗ a[1])
= λ(1A ⊗ α
−1(a[1])S
−1(a[0][1]))β(a[0][0])
= λ(1A ⊗ a[1](2)S
−1(a[1](1)))a[0]
= λ(1A ⊗ 1H)β
−1(a) = a,
i.e., Λ is still a retraction of ρ˜. Now, for all h ∈ H, a, b ∈ A, we have
Λ((a⊗ h)b) = Λ(ab[0] ⊗ hb[1])
= λ(1A ⊗ α
−1(hb[1])S
−1(a[1]b[0][1]))β(a[0]b[0][0])
= λ(1A ⊗ h[α
−1(b[1](2))S
−1(α−1(b[1](1)))]S
−1(a[1]))β(a[0])b[0][0]
= λ(1A ⊗ hS
−1(α(a[1])))[β(a[0])β
−1(b)]
= λ(1A ⊗ α
−1(h)S−1(a[1]))β(a[0])b
= Λ(a⊗ h)b
Hence, Λ is right (A, β)-linear. It remains to prove that Λ is also (H,α)-colinear, we have
ρ˜Λ(a⊗ h) = ρ˜(λ(1A ⊗ α
−1(h)S−1(a[1]))β(a[0]))
= λ(1A ⊗ α
−1(h)S−1(a[1]))[0]β(a[0][0])⊗ λ(1A ⊗ α
−1(h)S−1(a[1]))[1]α(a[0][1])
(5.1)
= λ(1A ⊗ α
−1(h(1))S
−1(a[1](2)))β(a[0][0])⊗ [α
−1(h(2))S
−1(a[1](1))]α(a[0][1])
= λ(1A ⊗ α
−1(h(1))S
−1(a[1](2)))β(a[0][0])⊗ h(2)[S
−1(a[1](1))a[0][1]]
= λ(1A ⊗ α
−1(h(1))S
−1(α(a[1](2)(2))))a[0] ⊗ h(2)[S
−1(α(a[1](2)(1)))a[1](1)]
= λ(1A ⊗ α
−1(h(1))S
−1(a[1](2)))a[0] ⊗ h(2)[S
−1(α(a[1](1)(2)))α(a[1](1)(1))]
= λ(1A ⊗ α
−1(h(1))S
−1(α−1(a[1])))a[0] ⊗ α(h(2))
= (Λ⊗ idH)ρA⊗H ,
i.e., proved that Λ is a retraction of ρ˜ in H˜ (Mk)
H
A . ✷
Recall from [12] that the coinvariants of A as
B = AcoH = {a ∈ A|ρ˜(a) = β−1(a)⊗ 1H}.
Then B is a subalgebra of A.
Proposition 5.2. Let (H,α) be a monoidal Hom-Hopf algebra with a bijective
antipode and (A, β) a right (H,α)-Hom-comodule algebra. Assume that there exists
γ : H → Hom(H,A) a total quantum integral. Then
(1) B is a direct summand of A as a left B-submodule,
(1) B is a direct summand of A as a right B-submodule.
Proof. We shall prove that there exists a well defined left trace given by the formula
tl : (A, β)→ (B, β) tl(a) = λ(a⊗ 1H) = a[0]γ(a[1])(1H)
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for all a ∈ A, by Eq.(5.1) we obtain ρ˜(tl(a)) = tl(a) ⊗ 1H , ie., t
l(a) ∈ B, for all a ∈ A.
Now for all b ∈ B and a ∈ A, we have
tl(ba) = b[0]a[0])γ(b[1]a[1])(1H)
= [ba[0]]γ(a[1])(1H)
= ba[0]γ(a[1])(1H)
= btl(a),
hence tl is a left (B, β)-module map and finally
tl(1A) = 1Aγ(1H)(1H) = 1A.
hence tl is a left (B, β)-module retraction of the inclusion B ⊂ A.
(2) Similarly, we can prove that the map given by the formula
tr : (A, β)→ (B, β), tr(a) = Λ(a⊗ 1H) = γ(1H)(S
−1(α2(a[1])))β(a[0])
for all a ∈ A, tr is a right (B, β)-module retraction of the inclusion B ⊂ A. ✷
Definition 5.3. Let (H,α) be a monoidal Hom-Hopf algebra with a bijective antipode
and (A, β) a right (H,α)-Hom-comodule algebra. Assume that there exists γ : H →
Hom(H,A) a total quantum integral. The map
tl : (A, β)→ (B, β), tl(a) = a[0]γ(a[1])(1H )
for all a ∈ A is called the quantum trace associated of γ.
Now, we shall construct functors connecting H˜ (Mk)
H
A and H˜ (Mk)B . First, if (M,µ) ∈
H˜ (Mk)
H
A , then
M coH = {m ∈M |ρ˜(m) = µ−1(m)⊗ 1H}.
is the right B-module of the coinvariants of M . Furthermore, M → M coH gives us a
covariant functor
(−)coH : H˜ (Mk)
H
A → H˜ (Mk)B .
Now, for (N, ν) ∈ H˜ (Mk)B , N ⊗B A ∈ H˜ (Mk)
H
A via the structures
(a⊗B n)a
′ = aβ−1(a′)⊗B ν(n)
ρA⊗BN (a⊗B n) = a[0] ⊗ ν
−1(n)⊗ α(a[1])
for all n ∈ N, a, a′ ∈ A. In this way, we have constructed a covariant functor called the
induction functor
A⊗B − : H˜ (Mk)B → H˜ (Mk)
H
A .
Proposition 5.4. Let (H,α) be a monoidal Hom-Hopf algebra with a bijective an-
tipode and (A, β) a right (H,α)-Hom-comodule algebra. Then the induction functor
A ⊗B − : H˜ (Mk)B → H˜ (Mk)
H
A is a left adjoint of the coinvariant functor (−)
coH :
H˜ (Mk)
H
A → H˜ (Mk)B .
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Proof. Similar to [17]. ✷
Recall from [12] that A⊗H ∈ H˜ (Mk)
H
A with the structures{
(a⊗ h) · b = ab[0] ⊗ hb[1];
ρA⊗H(a⊗ h) = (β
−1(a)⊗ h(1))⊗ α(h(2)),
for any a, b ∈ A and h ∈ H, and we identify (A ⊗H)coH ∼= A via a⊗ 1H 7→ a. Then the
the adjunction map can be viewed as a map in H˜ (Mk)
H
A , as
ψ : A⊗B A→ A⊗H, ψ(a⊗ b) = ab[0] ⊗ b[1]
for all a, b ∈ A. Here A⊗B A ∈ H˜ (Mk)
H
A with the structures{
(a⊗B b) · a
′ = β(a)⊗B bβ
−1(a′);
ρA⊗BA(a⊗B b) = (β
−1(a)⊗ b[0])⊗ α(b[1]),
for all a, a′, b ∈ A.
Definition 5.5. Let (H,α) be a monoidal Hom-Hopf algebra with a bijective antipode
and (A, β) a right (H,α)-Hom-comodule algebra, and B = AcoH . Then A/B is called a
Galois extension if the the canonical map
ψ : A⊗B A→ A⊗H, ψ(a⊗ b) = β
−1(a)b[0] ⊗ α(b[1])
is bijective.
Theorem 5.6. Let (H,α) be a monoidal Hom-Hopf algebra with a bijective antipode
and (A, β) a right (H,α)-Hom-comodule algebra, and B = AcoH . Assume that there exists
γ : H → Hom(H,A) a total quantum integral. Then
ηN : N → (A⊗B N)
coH , ηN (n) = 1A ⊗B n
is an isomorphism of right (B, β)-modules for all (N, ν) ∈ H˜ (Mk)B .
Proof. Using the left quantum tl : (A, β) → (B, β) we shall construct an inverse of
ηN , we define
θN : (A⊗B N)
coH → N, θN (ai ⊗B ni) =
∑
tl(ai)ni
for any ai⊗B ni ∈ (A⊗BN)
coH . Since tl(1A) = 1A, and it is easy to check that θN ◦ ηN =
idN . Now, let ai ⊗B ni ∈ (A⊗B N)
coH . Then
α−1(ai)⊗B ν
−1(ni)⊗ 1H = a[0] ⊗B ν
−1(ni)⊗ α(a[1]).
It follows that
α−1(ai)⊗B ν
−1(ni)⊗ 1A = a[0] ⊗B ν
−1(ni)⊗ γ(a[1])(1H ).
Furthermore, we have
α−1(ai)1A ⊗B ν
−1(ni) = a[0]γ(a[1])(1H)⊗B ν
−1(ni).
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then, we have
ai ⊗B ni = t
l(ai)⊗B ni.
Hence, we have
(ηN ◦ θN )(ai ⊗B ni) =
∑
1A ⊗B t
l(ai)ni =
∑
tl(ai)⊗B ni = ai ⊗B ni,
Then θN is an inverse of ηN . ✷
We will now prove the main result of this section, that is, the affineness criterion for
relative Hom-Hopf modules.
Theorem 5.7. Let (H,α) be a monoidal Hom-Hopf algebra with a bijective antipode
and (A, β) a right (H,α)-Hom-comodule algebra, and B = AcoH . Assume that
(1) there exists a total quantum integral γ : H → Hom(H,A);
(2) the canonical map
β : A⊗B A→ A⊗H, a⊗B b 7→ β
−1(a)b[0] ⊗ α(b[1])
is surjective. Then the induction functor A⊗B− : H˜ (Mk)B → H˜ (Mk)
H
A is an equivalence
of categories.
Proof. In Theorem 5.6 we have shown that the adjunction map ηN : N → (A ⊗B
N)coH is an isomorphism for all (N, ν) ∈ H˜ (Mk)B . It remains to prove that the other
adjunction map, namely βM : M
coH ⊗B A → M is also an isomorphism for all (M,µ) ∈
H˜ (Mk)
H
A .
Let (V, ω) be a k-module. Then A ⊗ V ∈ H˜ (Mk)
H
A via the structures induced by A,
i.e.,
(a⊗ v)a′ = aβ−1(a′)⊗ ω(v)
ρA⊗V (a⊗ v) = a[0] ⊗ ω
−1(v)⊗ α(a[1])
for all a, b ∈ A and v ∈ V . In particular, for V = A,A⊗A ∈ H˜ (Mk)
H
A via
(a⊗ b) · a′ = aβ−1(a′)⊗ β(b); (5. 2)
ρA⊗A(a⊗ b) = a[0] ⊗ β
−1(b)⊗ α(a[1]) (5. 3)
for all a, b, a′ ∈ A. We will first prove that the adjunction map βA⊗V : (A⊗V )
coH⊗BA→
A⊗ V is an isomorphism for any k-module V .
First, V ⊗B and B⊗V ∈ H˜ (Mk)B via the usual B-actions (v⊗a)·b = ω(v)⊗aβ
−1(b),
and a′ · (b′ ⊗ v′) = β−1(a′)b′ ⊗ ω(v′) for all a, b, a′, b′ ∈ B and v, v′ ∈ V . The flip map
τ : V ⊗ B → B ⊗ V, τ(v ⊗ b) = b ⊗ v, for all b ∈ B and v ∈ V , is an isomorphism in
H˜ (Mk)B . On the other hand A⊗ V ∈ H˜ (Mk)
H
A via the structures induced by A, i.e.
(v ⊗ a) · b = ω(v)⊗ aβ−1(b),
ρV⊗A(v ⊗ a) = ω
−1(v)⊗ a[0] ⊗ α(a[1]),
It is easy to see that the flip map τ : A ⊗ V → V ⊗ A, τ(a ⊗ v) = v ⊗ a is an
isomorphism in H˜ (Mk)
H
A .
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Applying Theorem 5.6 for N = V ⊗B ∼= B⊗V , we obtain the following isomorphisms
in MB :
B ⊗ V ∼= V ⊗B ∼= (V ⊗B ⊗B A)
coH ∼= (V ⊗A)coH ∼= (A⊗ V )coH .
Hence, (A⊗ V )coH ⊗B A ∼= A⊗ V .
Let us define
ψ˜ : A⊗B A→ A⊗H, a⊗B b 7→ β
−1(a)b[0] ⊗ α(b[1]),
for all a, b ∈ A. As ψ is surjective, ψ˜ is surjective, because ψ˜ = ψ ◦ can, where can :
A⊗A→ A⊗B A is the canonical surjection.
Let us define now
ξ : A⊗A→ A⊗H, ξ(a⊗ b) = (ψ˜ ◦ τ)(a⊗ b) = β−1(b)a[0] ⊗ α(a[1]),
for all a, b ∈ A. The map ξ is surjective, as ψ˜ and τ are. We will prove that ξ is a morphism
in H˜ (Mk)
H
A . where A⊗A and A⊗H are realtive Hom-Hopf modules, respectively. Indeed,
ξ((a⊗ b)c) = ξ(aβ−1(c)⊗ β(b)) = b[a(−1)β
−1(c(−1))]⊗ α(a(1))(c(1))
= [β−1(b)a(−1)]c(−1) ⊗ α(a(1))(c(1))
= ξ(a⊗ b)c,
and
ρA⊗Hξ(a⊗ b) = ρA⊗H(β
−1(b)a[0] ⊗ α(a[1]))
= [β−2(b)β−1(a[0])⊗ α(a[1](1))]⊗ α
2(a[1](2))
= [β−2(b)a[0] ⊗ α(a[0][1])]⊗ α(a[1])
= (ξ ⊗ id)(a[0] ⊗ β
−1(b)⊗ β−1(a[1]))
= (ξ ⊗ idH)ρA⊗A(a⊗ b).
Hence, ξ is a surjective morphism in H˜ (Mk)
H
A . A ⊗H is projective as a left A-module,
where A⊗H is a left A-module in the usual way. On the other hand, by Proposition 3.1
we obtain the map
u : A⊗H → A⊗H, a⊗ h 7→ β(a[0])⊗ hα
−1(a[1])
is an isomorphism of left A-modules. It follows that there exits ζ : A⊗H → A⊗A such
that ξ ◦ ζ = idH⊠A since A⊗A→ A⊗H is surjective. Hence, ξ splits in the category of
right A-modules. In particular ξ is a k-split epimorphism in H˜ (Mk)
H
A .
Let now (M,µ) ∈ H˜ (Mk)
H
A . Then A⊗A⊗M ∈ H˜ (Mk)
H
A via the structures arising
from A⊗A, that is,
(a⊗ b⊗m) · c = aβ−2(c) ⊗ β(b) ⊗ µ(m); (5. 4)
ρA⊗A⊗M(a⊗ b⊗m) = β
−1(a)⊗ b[0] ⊗ µ
−1(m)⊗ α2(b[1]), (5. 5)
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for all a, b, c ∈ A and m ∈ M . On the other hand, A ⊗ H ⊗M ∈ H˜ (Mk)
H
A via the
structures arising from A⊗H, that is,
(a⊗ h⊗m)b = aβ−1(b[0])⊗ hα
−1(b[1])⊗ µ(m)
ρA⊗H⊗M (a⊗ h⊗m) = β
−1(a)⊗ h(1) ⊗ µ
−1(m)⊗ α2(h(2)).
for all a, b ∈ A,h ∈ H and m ∈M . We obtain that
ξ ⊗ idM : A⊗A⊗M → A⊗H ⊗M
is a k-split epimorphism in H˜ (Mk)
H
A .
By Theorem 4.8 we obtain that the map
f : A⊗H ⊗M →M, a⊗ h⊗m 7→ µ(m[0])γ(α
−1(m[1]))(α
−2(h)S−1(α−1(a[1])))β(a[0])
is a k-split epimorphism in H˜ (Mk)
H
A . Hence, the composition
g = f ◦ (ξ ⊗ idM ) : A⊗A⊗M →M,
a⊗ b⊗m 7→ µ(m[0])γ(α
−1(m[1]))(S
−1(b[1]))b[0]β
−1(a)
is a k-split epimorphism in H˜ (Mk)
H
A . We note that the structure of A ⊗ A ⊗M as an
object in H˜ (Mk)
H
A is of the form A⊗ V , for the k-module V = A⊗M .
To conclude, we have constructed a k-split epimorphism in H˜ (Mk)
H
A
A⊗A⊗M = (M1, pi)
g
−→ (M,µ) −→ 0
such that the adjunction map ψM1 for (M1, pi) is bijective. As g is k-split and there exists
a total quantum integral γ : H → Hom(H,A), we obtain that g also splits in H˜ (Mk)
H .
In particular, the sequence
(M coH1 , pi)
gcoH
−→ (M coH , µ) −→ 0
is exact. Continuing the resolution with Ker(g) instead ofM , we obtain an exact sequence
in H˜ (Mk)
H
A
(M2, P ) −→ (M1, pi) −→ (M,µ) −→ 0
which splits in H˜ (Mk)
H and the adjunction maps for (M1, pi) and (M2, P ) are bijective.
Using the Five lemma we obtain that the adjunction map for (M,µ) is bijective. ✷
Finally we consider a special case. In this case if setting A = H, then (A, β) is a right
H-comodule algebra in a natural way, and we can define the coinvariants of (H,α) as
B = HcoH = {h ∈ H|ρ˜(h) = α−1(h) ⊗ 1H}
then (B,α) is a subalgebra of (H,α). Hence we can obtain the following result.
Corollary 5.8. Let (H,α) be a monoidal Hom-Hopf algebra with a bijective antipode
and (A, β) a right (H,α)-Hom-comodule algebra, and B = HcoH . Assume that
(1) there exists a total quantum integral γ : H → Hom(H,H);
(2) the canonical map
ψ : H ⊗B H → H ⊗H, h⊗B g 7→ α
−1(h)g(1) ⊗ α(g(2))
is surjective. Then the induction functor − ⊗B H : H˜ (Mk)B → H˜ (Mk)
H
H is an equiva-
lence of categories.
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